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Fig. 4 Effect of Mach number on turbulent recovery
factor.

test the ratio of the measured surface temperature to the
total temperature changed less than 0.35% for each wire.
Recovery factors were then calculated using the equilibrium
surface temperature as adiabatic-wall temperature in the
defining equation for recovery factor.

The results of the test are shown in Fig. 2. No data were
obtained in the laminar region; however, the theoretical
values for the helium recovery factor predicted by laminar
similar solutions14 at Mach 6.8 is indicated. The approxi-
mate beginning of the transition region determined from heat-
transfer tests with unheated flow15 using a thin metal plate
mounted on the same wedge model at similar test conditions
is also shown. In Ref. 15 the end of the transition region
was found to be located at a distance approximately twice
as far from the leading-edge as the beginning. Based on
these Ref. 15 results, the first data point is believed to be in
the transition region near the location of the peak in recovery
factor. This trend is consistent with previous air measure-
ments such as the data of Mack9 shown in Fig. 2 for com-
parison. Based on the fairing through the data, the turbu-
lent helium recovery factor at high Reynolds numbers and
Mach 6.8 is approximately 0.899 ± 0.002. This is signifi-
cantly higher than the generally used value of 0.883 (cube
root of the molecular Prandtl number).

To investigate the effect of Reynolds number and Mach
number on the turbulent recovery factor previous air mea-
surements were examined. Fig. 3 shows, for several Mach
numbers, the measured recovery factor as a function of
Reynolds number based on distance from the location of the
peak values in the transition region. As shown in Fig. 3,
all the data for each Mach number follow the same trend,
with the recovery factor dropping rapidly from a peak value
to a slightly decreasing value at higher Reynolds numbers.

The data at several Reynolds numbers are cross plotted in
Fig. 4 as a function of Mach number. In contrast to the
theory of Tucker and Maslin,16 the data indicate that the
turbulent recovery factor increases with increasing Mach
number.
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Introduction

THE mechanical response of highly loaded solid pro-
pellants is significantly nonlinear at strain levels of 5 or

10% in uniaxial stress states. A previous paper in this
Journal1 has shown that useful results may be obtained from
the stress analysis of elastic solids that are physically non-
linear conditions of geometric linearity. Solutions were pre-
sented for the internal pressurization of a rigidly incased
tubular grain and for thermal stresses in an incased grain.

Baltrukonis and Vaishnev2 considered finite axisymmetric
deformations with regard to the analysis of solid propellant
grains. Their work, however, was restricted to a particular
class of incompressible elastic solids.

The purpose of this Note is to extend the analysis of Pister
and Evans1 to the more realistic case: where the problem
formulation takes into account both physical and geometric
nonlinearity. Such an extension is of importance with re-
gard both to extending the range of useful solutions and to
justifying the simultaneous consideration of geometric lin-
earity and physical nonlinearity. Solutions for geometric
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Fig. 1 Pressure-bore displacement relation:
-30.

linearity and physical nonlinearity are obtained by solving
the completely nonlinear problem and subsequently consider-
ing the special case where displacement gradients are small
compared with unity.

The displacement equation of equilibrium for nonlinear
axisymmetric plane strain is derived and is then used to find
the state of stress and displacement for an internally pressur-
ized tubular grain. Effects of physical and geometric non-
linearity are isolated separately, and the results are com-
pared with those of Pister and Evans1 in which geometric
nonlinearity was omitted.

Governing Equation for Axisymmetric Plane Strain

Several alternative definitions for stress and strain are
available for the nonlinear problem. The Lagrangian
formulation together with Kirchoff stress3 is used here. An
advantage of this is that the hyperelastic constitutive law has
the simple form

where S^ is the Kirchoff stress, U the internal energy density
per unit mass, and Lij is the Lagrange or material strain
tensor. LU is defined by

Lij = %(ui\j + Uj\i + buk \iUk\j) (2)

where ut is the displacement, and the vertical line means
covariant differentiation with respect to the material coordi-

Fig. 3 Circumferential stress distribution:
-30.

nate a*, d is a tracer to identify terms due to geometrical
nonlinearity: d is +1 in general but is set equal to zero when
geometry nonlinearity is omitted. In the absence of body
forces, the equations of equilibrium in terms of S^ are

[(bxk/c)am)S™}n = 0 (3)

where xi is the spatial coordinate.
For boundary conditions where traction is specified as well

as for physical interpretation, physical components of stress,
a(ij) are required. These are related to the Kirchoff stress by

D \
- ) (0«) (no sum on

where g^ is the covariant metric, p is the spatial density, and
Po is the material density.

The displacement equations of equilibrium are obtained by
substituting Eqs. (1) and (2) into Eq. (3). The particular
form of constitutive law used here is

Sij = AuLfgy + AvJLij + A22Lm
kLk™gi3- + 2AnLk

kLy (4)
this being consistent with that of Pister and Evans. The
resulting displacement equation of equilibrium for axisym-
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Fig. 2 Radial stress distribution: ^422/An = —30.
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Fig. 5 Radial stress distribution: A<&/Au = — f.

metric plane strain is then

[(An + A12X + An/3' + (A12/r) (a - /3)] +

(du"/8uf + 1) [(An + A12)a + An/3 + 3A22<*2 +
A22(2a/3+ /32) ] + [6A22aa' + 2A22(a/3' +

f$a' + /3/3') 2 (A22/r) (a:2 - /32)] = 0 (5)

where

dr

In the preceding, u is the radial displacement andV is the
material radius.

Some quantitative measure of nonlinearity is required.
While this is somewhat arbitrary, the definition of Pister and
Evans for physical nonlinearity is used, i.e.,

kp = 3Autu/r(Au. + Ai2)

while, for geometric nonlinearity the measure used is

kg = u/r

Ignoring geometric nonlinearity is equivalent to setting

5 = 0, da*/da»' = 5/

inEq. (5).

Internal Pressurization of an Incased Tubular Grain

Pressurization of a rigidly incased grain of initial inner
radius RI and outer radius RO is considered.

The boundary conditions are

u(r = RO) = 0, o-(rr}(r = RI) = -P

where P is the applied pressure.
For computation purposes and for comparison with the

results of Pister and Evans, the following data has been
used: RI = 1.0, RO = 2.0, Au = A12.

The computational procedure used Newton's method with
finite differences as described by Pister and Evans, and this
will not be discussed further here.

In Figs. 1-3, results are shown for A22/An = —30.0; this
corresponding to a material which hardens in compression.
Figure 1 shows the relation of pressure to bore displacement
up to u(RI) = 0.009, while in Figs. 2 and 3 distributions of
radial and circumferential stress are shown for u(RI) =
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Fig. 6 Circumferential stress distribution:

0.009. Solutions corresponding to geometric linearity as
well as those for both geometric and physical linearity are
also shown on these figures. For the particular data given,
the geometrically linear case corresponds to that of Pister and
Evans, and it may be seen that the error due to omitting
geometrically nonlinear terms is slight. This is, in fact, to
be expected since for

An/An = -30.0 and u(RI) = 0.009, at r = RI

kp = -0.40, kg = 0.009

Results for another case are shown in Figs. 4-6: here

In Fig. 4, pressure is plotted against bore displacement for
u(RI) from 0 to 0.20. Within this range, Newton's method
was found to give accurate solutions to Eq. (5). Figures 5
and 6 show the distribution of radial and circumferential
stress at u(RI) = 0.20. For this bore displacement at r = RI

~~~ft/7j =: Kn 0.20

The effect of including geometric nonlinearity is, in this
case, seen to be significant and, in fact, to change the non-
linear nature of the pressure/bore displacement relation from
hardening with increased displacement to softening.

Conclusions

A particular elastic problem has been solved taking into
account both physical and geometric nonlinearity. It has
been demonstrated that each nonlinearity may have a signifi-
cant effect on the state of stress and on the load deformation
characteristics. In addition, the procedure of considering
physical nonlinearity together with geometric linearity has
been shown to be valid when the displacement gradients are
small compared with unity.

References
1 Pister, K. S. and Evans, R. J., "Stress Analysis for Elastic

Response of Physically Nonlinear Solid Propellants," AIAA
Journal, Vol. 4, No. 11, Nov. 1966, pp. 1914-1919.

2 Baltrukonis, J. H. and Vaishnav, R. N., "Finite Deformations
Under Pressurization in an Infinitely Long, Thick Walled,
Elastic Cylinder Ideally Bonded to a Thin Elastic Case," Trans-
actions of the Society of Rheology, Vol. 9, No. 1, 1965, pp. 273-291.

3 Noll, W. and Truesdell, C. A., "The Non-linear Field Theories
of Mechanics," Handbuch der Physik, Vol. 3, Pt. 3 Springer,
Berlin.


